Lecture 2: Instrumental Variables
Fabian Waldinger

Waldinger ()

1 / 45

Topics Covered in Lecture

1

Instrumental variables basics.

2

Example: IV in the return to educations literature: Angrist & Krueger
(1991).

3

IV with heterogeneous treatment e¤ects - LATE.

4

Weak instruments.
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Why Use IV?

Instrumental Variables methods are typically used to address the
following problems encountered in OLS regression:
1
2
3

Omitted variable bias.
Measurement error.
Simultaneity or reverse causality.
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Example: Ability Bias in the Returns to Education
Labour economists have been studying returns to education for a very
long time.
The typical model that is analyzed (going back to Mincer; here we
abstract from the returns to experience) is:
Yi = α + ρSi + γAi + νi
Yi = log of earnings.
Si = schooling measured in years.
Ai = individual ability.

Typically the econometrician cannot observe Ai .
Suppose you therefore estimate the short regression:
Yi = α + ρSi + η i
were η i = γAi + νi
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Derivation of Ability Bias
The OLS estimator for ρ in this simple case is:
b
ρ=

Cov (Y ,S )
Var (S )

plugging in true model for Y:
b
ρ=

Cov ([α+ρS i +γA i +νi ],S )
Var (S )

Taking expectations we get:
ρ+γ
σA,S
σS

σA,S
σS

is the regression coe¢ cient if we regressed S on A.

This is the classic ability bias if γ > 0 and σA,S > 0 the coe¢ cient on
schooling in the short regression would be upward biased.
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How IV Can be Used to Obtain Unbiased Estimates?
How can we estimate the true ρ if ability is unobserved?
Use an instrument Z.
2 important conditions for a valid IV:
1
2

Cov(S,Z) 6= 0 (…rst stage exists).
Cov(Z,η) = 0 (exclusion restriction: Z is uncorrelated with any other
determinants of the dependent variable).

While we can test whether the …rst condition is satis…ed the second
condition cannot be tested. As a researcher you have to try to
convince your audience that it is satis…ed.
With one endogenous variable and one instrument the IV estimator is:
ρIV =
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IV is Consistent if IV Assumptions Are Satis…ed
Because thinking in regression coe¢ cients can sometimes be easier we
can divide both denominator and numerator by V(Zi ) to get:
Cov (Y i ,Z i )/V (Z i )
Cov (S i ,Z i )/V (Z i )

The coe¢ cient of interest is the ratio of the population regression of
Yi on Zi (reduced form) to the population regression of Si on Zi (…rst
stage).
The IV estimator is consistent if the IV assumptions are satis…ed:
Substitute true model for Y:
b
ρIV =

Cov ([α+ρS i +γA i +νi ],Z )
Cov (S ,Z )

([S ],Z )
([A ],Z )
= ρ Cov
+ γ Cov
+
Cov (S ,Z )
Cov (S ,Z )

Cov ([νi ],Z )
Cov (S ,Z )

Taking plims:
plim b
ρIV = ρ

because Cov ([A], Z ) = 0 and Cov ([νi ], Z ) = 0 due to the exclusion
restriction, and Cov (S, Z ) 6= 0 (due to the …rst stage).
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IV Jargon
Causal relationship of interest:
Yi = α + ρSi + η i
First-Stage regression:
Si = α + γZi + ξ i
Second-Stage regression:

Reduced form:

bi + νi
Yi = α + ρ S
Yi = α + δZi + εi
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Instrument for Education using Compulsory Schooling Laws
In practice it is often di¢ cult to …nd convincing instruments (in
particular because many potential IVs do not satisfy the exclusion
restriction).
In the returns to education literature Angrist and Krueger (1991) had
a very in‡uential study where they used quarter of birth as an
instrumental variable for schooling.
In the US you could drop out of school once you turned 16.
Children have di¤erent ages when they start school and thus di¤erent
lengths of schooling at the time they turn 16 when they can
potentially drop out.
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First Stages
Men born earlier in the year have lower schooling. This indicates that
there is a …rst stage.
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Reduced Form
Do di¤erences in schooling due to di¤erent quarter of birth translate
into di¤erent earnings?
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Two Stage Least Squares
The …rst stage regression is:
Si = X 0 π 10 + π 11 Zi + ξ 1i
The reduced form regression is:
Yi = X 0 π 20 + π 21 Zi + ξ 2i
The covariate adjusted IV estimator is the sample analog of the ratio
π 21
π 11 .
In practice one often estimates IV as Two-stage-least squares (2SLS).
It is called 2SLS because you could estimate it as follows:
1

2

Obtain the …rst stage …tted values:
bi = X 0 π
b 10 + π
b 11 Zi
S
b 10 and π
b 11 are OLS estimates of the …rst stage regression.
where π
Plug the …rst stage …tted values into the "second-stage equation".
bi + error
Yi = X 0 α + ρS
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Two Stage Least Squares
Despite the name the estimation is usually not done in two steps (if
you would do that the standard errors would be wrong).
STATA or other regression softwares are usually doing the job for you
(and get the standard errors right).
The intuition of 2SLS, however, is very useful:
2SLS only retains the variation in S that is generated by
quasi-experimental variation (and thus hopefully exogenous).
Angrist and Krueger use more than one instrumental variable to
instrument for schooling: they include a dummy for each quarter of
birth.
Their estimated …rst-stage regression is therefore:
Si = X 0 π 10 + π 11 Z1i + π 12 Z2i + π 13 Z3i + ξ 1i
The second stage is the same as before but the …tted values are from
the new …rst stage.
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First Stage Regressions in Angrist & Krueger (1991)
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First Stage Regressions in Angrist & Krueger (1991)

Quarter of birth is a strong predictor of total years of education.
Waldinger (Warwick)
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First Stage Regressions in Angrist & Krueger (1991)
Some Indication of the Validity of the Exclusion Restriction

Reassuringly quarter of birth does not a¤ect the probability of
graduating from college.
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IV Results
IV Estimates Birth Cohorts 20-29, 1980 Census
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IV Results - Including Some Covariates
IV Estimates Birth Cohorts 20-29, 1980 Census
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IV Results - Including More Covariates and Interacting
Quarter of Birth
They also include speci…cations where they use 30 (quarter of birth x
year) dummies and 150 (quarter of birth x state) dummies as IVs
(intuition: the e¤ect of quarter of birth may vary by birth year or
state).
This reduces standard errors.
But also comes at the cost of potentially having a weak instruments
problem (see below).
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Short Description of Angrist (1990) Veteran Draft Lottery
Example
In the following we will often refer to an example from Angrist’s paper
on the e¤ects of military service on earnings.
Angrist (1990) uses the Vietnam draft lottery as in IV for military
service.
In the 1960s and early 1970s, young American men were drafted for
military service to serve in Vietnam.
Concerns about the fairness of the conscription policy lead to the
introduction of a draft lottery in 1970.
From 1970 to 1972 random sequence numbers were assigned to each
birth date in cohorts of 19-year-olds.
Men with lottery numbers below a cuto¤ were drafted while men with
numbers above the cuto¤ could not be drafted.
The draft did not perfectly determinate military service:
Many draft-eligible men were exempted for health and other reasons.
Exempted men volunteered for service.
Waldinger (Warwick)
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Summary of Findings on Vietnam Draft Lottery

1

First stage results:
Having a low lottery number (being eligible for the draft) increases
veteran status by about 16 percentage points (the mean of veteran
status is about 27 percent).

2

Second stage results:
Serving in the army lowers earnings by between $2,050 and $2,741
per year.
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IV with Heterogeneous Treatment E¤ects

Up to this point we only considered models where the causal e¤ect
was the same for all individuals (homogenous treatment e¤ects):
Y1i Y0i = ρ for all i.
We now try to understand what IV estimates if treatment e¤ects are
heterogeneous.
This will inform us about two types of validity characterizing research
designs:
1

2

Internal validity: Does the design successfully uncover causal e¤ects for
the population studied?
External validity: Do the study’s results inform us about di¤erent
populations?
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IV with Heterogeneous Treatment E¤ects
Variables used in this setup:
Yi (d, z ) = potential outcome of individual i.
Di = treatment dummy.
Zi = instrument dummy.

Causal chain is:
Zi ! Di ! Yi
Notation for Di :
D1i = i’s treatment status when Zi = 1
D0i = i’s treatment status when Zi = 0
Observed treatment status is therefore:
Di = D0i + (D1i D0i )Zi = π 0 + π 1i Zi + ξ i
π 0 = E [D 0i ]
π 1i = (D1i D0i ) is the heterogeneous causal e¤ect of the IV on Di .
The average causal e¤ect of Zi on Di is E [π 1i ]
Waldinger (Warwick)
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Key Assumptions in the Heterogeneous E¤ects Framework
1

Independence assumption:
The IV is independent of the vector of potential outcomes and
potential treatment assignments (i.e. as good as randomly assigned):
{Yi (D1i , 1),Yi (D0i , 0),D1i ,D0i g?Zi

The independence assumption is su¢ cient for a causal interpretation of
the reduced form:
E [Yi jZi = 1]

E [Yi jZi = 0]

= E [Yi (D1i , 1)jZi = 1]

= E [Yi (D1i , 1)]

E [Yi (D0i , 0)jZi = 0]

E [Yi (D0i , 0)]

Independence also means that the …rst stage captures the causal e¤ect
of Zi on Di :
E [Di jZi = 1]

= E [D1i

Waldinger (Warwick)
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Key Assumptions in the Heterogeneous E¤ects Framework
2

Exclusion restriction:
Yi (d, z ) is a function of d only. Or formally:
Yi (d, 0) =Yi (d, 1) for d=0,1.
In the Vietnam draft lottery example: an individual’s earnings potential
as a veteran or non-veteran are assumed to be unchanged by draft
eligibility status.
The exclusion restriction would be violated if low lottery numbers may
have a¤ected schooling (e.g. to avoid the draft). If this was the case
the lottery number would be correlated with earnings for at least two
cases:
1
2

through its e¤ect on military service.
through its e¤ect on educational attainment.

The fact that the lottery number is randomly assigned (and therefore
satis…es the independence assumption) does not ensure that the
exclusion restriction is satis…ed.
Waldinger (Warwick)
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Key Assumptions in the Heterogeneous E¤ects Framework

Using the exclusion restriction we can de…ne potential outcomes
indexed solely against treatment status:
Y1i = Yi (1, 1) = Yi (1, 0)
Y0i = Yi (0, 1) = Yi (0, 0)
In terms of potential outcomes we can write:
Yi = Yi (0,Zi ) + [Yi (1,Zi ) Yi (0,Zi )]Di
Yi = Y0i + [Y1i Y0i ]Di
Random coe¢ cients notation for this is:
Yi = α o + ρ i D i
with αo = E [Y0i ] and ρi =Y1i Y0i
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Key Assumptions in the Heterogeneous E¤ects Framework

3

First Stage:
As in the constant coe¢ cients model we also need that the
instrument has to have a signi…cant e¤ect on treatment:
E [D1i D0i ] 6= 0
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27 / 45

Key Assumptions in the Heterogeneous E¤ects Framework
4

Monotonicity:
Either π 1i
0 for all i or π 1i

0 for all i.

While the instrument may have no e¤ect on some people, all those who
are a¤ected are a¤ected in the same way.
In the draft lottery example: draft eligibility may have had no e¤ect on
the probability of military service. But there should also be no one who
was kept out of the military by being draft eligible. ! this is likely
satis…ed.
In the quarter of birth example for schooling the assumption may not
be satis…ed (see Barua and Lang, 2009):
Being born in the 4th quarter (which typically increases schooling) may
have reduced schooling for some because their school enrollment was
held back by their parents.
Without monotonicity, IV estimators are not guaranteed to estimate a
weighted average of the underlying causal e¤ects of the a¤ected group,
Y1i Y0i .
Waldinger (Warwick)
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IV Estimates LATE
If all 4 assumptions are satis…ed, IV estimates LATE (Local Average
Treatment E¤ect).
LATE is the average e¤ect of X on Y for those whose treatment
status has been changed by the instrument Z.
In the draft lottery example: IV estimates the average e¤ect of
military service on earnings for the subpopulation who enrolled in
military service because of the draft but would not have served
otherwise. (This excludes volunteers and men who were exempted
from military service for medical reasons for example).
We have reviewed the properties of IV with heterogeneous treatment
e¤ects using a very simple dummy endogenous variable, dummy IV,
and no additional controls example. The intuition of LATE
generalizes to most cases where we have continuous endogenous
variables and instruments, and additional control variables.
Waldinger (Warwick)
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Some LATE Framework Jargon
The LATE framework partitions any population with an instrument
into potentially 4 groups:
1

2

3

4

Compliers: The subpopulation with D1i = 1 and D0i = 0.
Their treatment status is a¤ected by the instrument in the right
direction.
Always-takers: The subpopulation with D1i = D0i = 1
They always take the treatment independently of Z.
Never-takers: The subpopulation with D1i = D0i = 0
They never take the treatment independently of Z.
De…ers: The subpopulation with D1i = 0 and D0i = 1.
Their treatment status is a¤ected by the instrument in the "wrong"
direction.

These terms come from an analogy to the medical literature where
the treatment is taking a pill for example.
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Monotonicity Ensures That There Are No De…ers

Monotonicity ensures that there are no de…ers.
Why is it important to not have de…ers?
If there were de…ers, e¤ects on compliers could be (partly) cancelled
out by opposite e¤ects on de…ers.
One could then observe a reduced form which is close to 0 even though
treatment e¤ects are positive for everyone (but the compliers are
pushed in one direction by the instrument and the de…ers in the other
direction).
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31 / 45

What Does IV Estimate and What Not?
LATE and ATE

As outlined above, with all 4 assumptions satis…ed IV estimates the
average treatment e¤ect for compliers.
Without further assumptions (e.g. constant causal e¤ects) LATE is
not informative about e¤ects on never-takers or always-takers because
the instrument does not a¤ect their treatment status.
In most applications we would be mostly interested in estimating the
average treatment e¤ect on the whole population (ATE).
E [Y1i Y0i ]
This is usually not possible with IV.
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Other Potentially Interesting Treatment E¤ects
Another e¤ect which we may potentially be interested in estimating is
the average treatment e¤ect on the treated (ATT).
Treatment status is: Di = D0i + (D1i D0i )Zi
By monotonicity we cannot have D0i = 1 and (D1i D0i ) = 1 since
D0i = 1 implies D1i = 1.
The treated therefore either have D0i = 1 (always-takers) or (D1i
D0i ) = 1 and Zi = 1 (compliers)
It follows that LATE is not the same as ATT.
E [Y1i

Y0i jDi =
E¤ect on treated
+ E [Y1i

1] = E [Y1i

Y0i jD0i = 1]P [D0i
E¤ect on always takers

Y0i jD1i > D0i ]P [D1i
E¤ect on compliers

= 1 j Di = 1 ]

>D0i ,Zi = 1jDi = 1]

If there are no always takers we can, however, estimate ATT which is
equal to LATE in that case.
Waldinger (Warwick)
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IV in Randomized Trials
The use of IV methods can also be useful when evaluating a
randomized trial.
In many randomized trials, participation is voluntary among those
randomly assigned to treatment.
On the other hand people in the control group usually do not have
access to treatment.
! only those who are particularly likely to bene…t from treatment will
actually take up treatment (leads almost always to positive selection
bias)
! if you just compare means between treated and untreated
individuals (using OLS) you will obtain biased treatment e¤ects.
Solution:
Instrument for treatment with whether you were o¤ered treatment.
! you estimate LATE.
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IV in Randomized Trials - Example: Training Programme

David Autor calculates the di¤erent e¤ects for the JTPA training
programme.
The programme provides job training to people facing barriers for
employment (e.g. dislocated workers, disadvantaged young adults).
The programme was randomly o¤ered.
Only 60 percent of those who were o¤ered the training actually
received it.
2 percent of people in the control group also received training.
Autor evaluates di¤erences in earnings in the 30 month period after
random assignment.
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IV in Randomized Trials - Example Training Programme

Columns (1) and (2) show OLS estimates.
Columns (3) and (4) show ITT (reduced form) estimates.
Columns (5) and (6) show IV estimates.

Here we actually estimate the ATT (not only LATE) because there
are almost no always-takers.
Waldinger (Warwick)
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Weak Instruments

As you will know from your econometrics courses IV is consistent but
not unbiased.
For a long time researchers estimating IV models never cared much
about the small sample bias.
In the early 1990s a number of papers, however, highlighted that IV
can be severely biased in particular if instruments are weak (i.e. the
…rst stage relationship is weak) and if you use many instruments to
instrument for one endogenous variable (i.e. there are many
overidentifying restrictions).
In the worst case, if the instruments are so weak that there is no …rst
stage the 2SLS sampling distribution is centered on the probability
limit of OLS.
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Weak Instruments - Bias Towards OLS
Let’s consider a model with a single endogenous regressor and a
simple constant treatment e¤ect.
The causal model of interest is:
y = βx + η

(1)

The N x Q matrix of instrumental variables is Z with the …rst stage
equation:
x = Z0 π + ξ

(2)

If η i and ξ i are correlated, estimating (1) by OLS would lead to
biased results.
The OLS bias is:
E [ βOLS

β] =

Cov [η,x ]
Var [x ]

If η i and ξ i are correlated the OLS bias is therefore:
Waldinger (Warwick)
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Weak Instruments - Bias Towards OLS
It can be shown that the bias of 2SLS is approximately:
E [b
βSLS

β] t

σηξ 1
σ2ξ F +1

F is the population analogue of the F-statistic for the joint signi…cance of
the instruments in the …rst stage regression.
See MHE pp. 206-208 for a derivation.

If the …rst-stage is weak (i.e. F ! 0) the bias of 2SLS approaches

σηξ
.
σ2ξ

This is the same as the OLS bias as for π = 0 in equation (2) (i.e.
there is no …rst stage relationship) σ2x = σ2ξ and therefore the OLS
bias

σηξ
σ2x

becomes

σηξ
.
σ2ξ

If the …rst stage is very strong (F ! ∞) the IV bias goes to 0.
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Weak Instruments - Adding More Instruments
Adding more weak instruments will increase the bias of 2SLS. By
adding further instruments without predictive power the …rst stage
F-statistic goes towards 0 and the bias increases.
If the model is just identi…ed, weak instrument bias is less of a
problem: (in MHE p. 209 they write it is approximately unbiased this is only true if the …rst stage is not 0; see
http://econ.lse.ac.uk/sta¤/spischke/mhe/josh/solon_justid_April14.pdf).
Bound, Jaeger, and Baker (1995) highlighted this problem for the
Angrist & Krueger study. A&K present …ndings from using di¤erent
sets of instruments:
1
2

3

quarter of birth dummies ! 3 instruments.
quarter of birth + (quarter of birth) x (year of birth) dummies ! 30
instruments.
quarter of birth + (quarter of birth) x (year of birth) + (quarter of
birth) x (state of birth) ! 180 instruments.
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Adding Instruments in Angrist & Krueger
Table from Bound, Jaeger, and Baker (1995) - 3 and 28/30 IVs

Adding more weak instruments reduced the …rst stage F-statistic and
moves the coe¢ cient towards the OLS coe¢ cient.
Waldinger (Warwick)
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Adding Instruments in Angrist & Krueger
Table from Bound, Jaeger, and Baker (1995) - 180 IVs

Adding more weak instruments reduced the …rst stage F-statistic and
moves the coe¢ cient towards the OLS coe¢ cient.
Waldinger (Warwick)
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What Can You Do If You Have Weak Instruments?

With weak instruments you have the following options:
1

2

3

Use a just identi…ed model with your strongest IV.
If the instrument is very weak, however, your standard errors will
probably be very large.
Use a limited information maximum likelihood estimator (LIML).
This is approximately median unbiased for overidenti…ed constant
e¤ects models. It provides the same asymptotic distribution as 2SLS
(under constant e¤ects) but provides a …nite-sample bias reduction.
(LIML is programmed for STATA 10/11 incorporated in the
ivregress command).
Find stronger instruments.
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Practical Tips For IV Papers

1

Report the …rst stage.
Does it make sense?
Do the coe¢ cients have the right magnitude and sign?

2

Report the F-statistic on the excluded instrument(s).
Stock, Wright, and Yogo (2002) suggest that F-statistics above 10
indicate that you do not have a weak instrument problem (but this is of
course not a proof).
If you have more than one endogenous regressor for which you want to
instrument, reporting the …rst stage F-statistic is not enough (because
1 instrument could a¤ect both endogenous variables and the other
could have no e¤ect - the model would be underidenti…ed). In that
case you want to report the Cragg-Donald EV statistic (more on this
next week in Waldinger, 2010).

Waldinger (Warwick)

44 / 45

Practical Tips For IV Papers

3

If you have many IVs pick your best instrument and report the just
identi…ed model (weak instrument problem is much less problematic).

4

Check overidenti…ed 2SLS models with LIML.

5

Look at the Reduced Form.
The reduced form is estimated with OLS and is therefore unbiased.
If you can’t see the causal relationship of interest in the reduced form it
is probably not there.
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